Abstract. In 1990, Alon and Kleitman proposed an elementary argument for the sum-free subset theorem: every set of n nonzero integers contains a subset A of size |A| > 1 3 n, which is sum-free, i.e., there are no a 1 , a 2 , a 3 ∈ A such that a 1 + a 2 = a 3 . In this note, we show that the Alon-Kleitman argument is flawed because it confused two kinds of randomness.
Introduction
The sum-free subset problem is a special one in combinatorial number theory. A subset A of an abelian group G is called sum-free if there are no a 1 , a 2 , a 3 ∈ A such that a 1 + a 2 = a 3 . In 1965, P. Erdős [5] argued that every set of n nonzero real numbers contains a sum-free subset A of size |A| > 1 3 n. In 1990, Alon and Kleitman [1] proposed an elementary argument for that every set of n nonzero integers contains a sum-free subset A of size |A| > 1 3 n. Let f (n) be the largest ℓ such that every set of n nonzero integers contains a sum-free subset of size ℓ. Alon and Kleitman [1] pointed out that Erdős's argument can be modified to show f (n) > 1 3 (n + 1). In 1997, Bourgain [3] improved the lower bound tof (n) > 1 3 (n + 2) using an elaborate Fourier-analytic technique. In 2014, Eberhard et al. [4] proved that f (n) > 1 3 n + o(n) by constructing iteratively some approximate algebraic structures.
Among these arguments, the Alon-Kleitman method is of special interest because it is very elementary and can be used to design a deterministic algorithm for finding such a sum-free subset. But we find the Alon-Kleitman argument is flawed because it confused two kinds of randomness. We also revisit the Erdős' probabilistic argument and fill a logic gap in its reasoning process.
Review of the Alon-Kleitman argument
Theorem 1 [Alon and Kleitman, [2] ] Every set B = {b 1 , · · · , b n } of n nonzero integers contains a sum-free subset A of size |A| > 1 3 n. Proof. Let p = 3k + 2 be a prime, which satisfies p > 2max{|b i |} n i=1 and put
Observe that C is a sum-free subset of the cyclic group Z p and that
. Let us choose at random an integer x, 1 ≤ x < p, according to a uniform distribution on {1, 2, · · · , p−1}, and define
Therefore the expected number of elements b i such that d i ∈ C is more than n/3. Consequently, there is an x, 1 ≤ x < p and a subsequence A of B of cardinality |A| > n/3, such that xa (mod p) ∈ C for all a ∈ A. This A is clearly sum-free, since if a 1 + a 2 = a 3 for some a 1 , a 2 , a 3 ∈ A then xa 1 + xa 2 ≡ xa 3 (mod p), contradicting the fact that C is a sum-free subset of Z p . This completes the proof.
The Alon-Kleitman argument is flawed
It is easy to see that in the definition
is viewed as the variable and x is fixed (see Eq. (1)). To specify the relationship, it is better to write it as
If x is viewed as the variable and b i is fixed, then it should define
Trivially, as x ranges over all numbers 1, 2, · · · , p − 1, d i (x) ranges over all nonzero elements of Z p (see the definitions of p and b i ). Hence, we have
Define A x := {xb 1 (mod p), xb 2 (mod p), · · · , xb n (mod p)} for some randomly picked x ∈ Z * p . Clearly, |A x | = n and
This does not imply that
because |A x ∩ C| is still not determined. Apparently, in the Alon-Kleitman proof it confuses the trivial probability Pr[d i (x) ∈ C] with the wanted probability Pr[d x (i) ∈ C], and falsely claims that Eq. (2) holds. Frankly speaking, the Alon-Kleitman proof is a circular argument.
The Erdős' argument revisited 4.1 Review of the Erdős' argument
Theorem 2 [Erdős, 1965] Let a 1 , a 2 , · · · , a n be n real numbers all different from 0. Denote by f (n) the largest integer so that for every sequence a 1 , · · · , a n one can always select k = f (n) of them a i1 , · · · , a ik so that
Then f (n) ≥ n 3 . Proof. Denote by I r the set in α, 0 < α < T , T large for which a r α (mod 1) is between 1/3 and 2/3, m(I r ) denotes the measure of I r . We evidently have
where ε is independent of T . It may depend on the a's.
✿✿✿✿✿ and ✿✿✿✿ 2/3. Clearly these a's satisfy Eq.(7), which proves Theorem 2.
Analysis
In the Erdős' argument, the set I r is defined as
Since m(I r ) denotes the measure of I r , Eq.(8) is better to be corrected as
We now want to stress that m(I i ) ≈ T 3 , i = 1, · · · , n, do not logically imply that there exist r 1 , r 2 , · · · , r k ∈ {1, 2, · · · , n}, k ≥ n/3, such that In fact, if for a randomly picked irrational number α ∈ (0, T ) satisfying α · min{|a i |} n i=1 > 1, then it can be taken for granted that the fractional parts d α (i) := αa i (mod 1), i = 1, · · · , n, are uniformly distributed over the interval (0, 1). Hence, the expected number of elements a i such that d α (i) ∈ (1/3, 2/3) is n/3. Thus, there exists τ ∈ [1, 2) such that the number of elements a i satisfying τ αa i (mod 1) ∈ (1/3, 2/3) is not less than n/3.
Given n nonzero integers b 1 , · · · , b n , a randomly picked x ∈ Z * p and a randomly picked irrational number α satisfying α · min{|b i |} n i=1 > 1, a revised Alon-Kleitman argument relies on the distributed uniformity of {xb 1 (mod p), · · · , xb n (mod p)}, while the revised Erdős' argument depends on the distributed uniformity of {αb 1 (mod 1), · · · , αb n (mod 1)}.
We here would like to point out that both two distributed uniformities are not proved mathematically. But it seems that the latter has a good empirical distribution.
Conclusion
In this note, we remark that the Alon-Kleitman argument for sum-free subset theorem is flawed because it confused two kinds of randomness. We also fill a logic gap in the Erdős' argument for the theorem.
